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Abstract. One of the methods to obtain Frobenius manifold structures is 
via DGBV (differential Gerstenhaber-Batalin-Vilkovisky) álgebra construc- 
tion. An important problem is how to idcntify Frobenius manifold structures 
constructed from two different DGBV álgebras. For DGBV álgebras with 
suitable conditions, we show the functorial property of a construction of de- 
formations of the multiplicative structures of their cohomology. In particular, 
we show that quasi-isomorphic DGBV álgebras yield identifiable Frobenius 
manifold structures. 



String theorists are interested in two kinds of conformai field theories defined 
on a Calabi-Yau manifold X: an A- type theory which depends only on the Káhler 
structure but not the complex structure X, and an B-type theory which depends 
only on the complex structure but not the Káhler structure. Conceivably, an ^4-type 
theory should then be related to the deformations of the Káhler structure, while 
an S-type theory should be related to the deformations of the complex structure. 
The mysterious mirror symmetry p2| can be formulated as the identification of an 
A- type theory on X with a B-type theory on its mirror manifold X. 

Physicists also provide us some examples of such theories: the topological sigma 
model and the Káhler theory of gravity jj| are A type theories, while the 
Kodaira-Spencer theory of gravity j|] is a B type theory. Through the efforts of 
many mathematicians, the topological sigma model now has rigorous mathematical 
formulation in terms of suitably defined Gromov-Witten invariants and has led to 
vast progress in symplectic geometry and algebraic geometry. On the other hand, 
based on the work of Tian jl9| and Todorov pÕfl , the Kodaira-Spencer theory of 
gravity was analyzed in details by Bershadsky-Cecotti-Ooguri-Vafa and the 
theory of Káhler gravity by Bershadsky and Sadov ||. Barannikov-Kontsevich 
Q reformulated the results in [^) in terms of Frobenius manifolds introduced by 
Dubrovin ^ |í|, and made the important observation that there is an algebraic 
structure called DGBV álgebra hidden in the theory, and the method to obtain 
formal Frobenius manifold structure by the Kodaira-Spencer Lagrangian can be 
generalized to any DGBV álgebra satisfying certain conditions. See the detailed 
account in Manin [Tij ]. In two earlier papers Q ||, we pointed out two DGBV 
álgebra structures in the theory of Káhler gravity, one on Dolbeault cohomology 
and the other on de Rham cohomology, and showed that they satisfy the conditions 
in [Jl], [HJ for constructing Frobenius manifold structures. Furthermore, we were 
able to identify the Frobenius manifold structures from these two different DGBV 
álgebras. Subsequently, we also generalized these results to hyperkãhler manifolds 
(ô) and equivariant cohomology . 

We conjectured that for a Calabi-Yau manifold X with a mirror manifold X, 
one should be able to identify the Frobenius manifold structure constructed in [[[] 
for X with that constructed in ||] for X (maybe after some coordinate change). 
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A general question in this direction is how one can possibly identify Frobenius 
manifold structures constructed from two different DGBV álgebras. Our idea is to 
first give a natural definition of quasi-isomorphisms of DGBV álgebras, and then 
show that, when the constructions of formal Frobenius manifolds are applicable, 
quasi-isomorphic DGBV álgebras yield identifiable Frobenius manifold structures. 
These are carried out in this paper (see Definition 3.1 and Theorem 3.2). Wc 
leave the problem of showing that the relevant DGBV álgebras on X and X are 
quasi-isomorphic to future investigation. 

In the course of our study, we find it natural to consider homomorphisms of 
DGBV álgebras. The construction of Frobenius manifold structures is not functo- 
rial with respect to general DGBV álgebra homomorphisms, but the construction 
of some one-parameter formal deformations is. We establish the functorial prop- 
erties by showing the gauge invariance of the constructions. Note that the gauge 
invariance has been studied in the special cases of Kodaira-Spencer gravity and 
Káhler gravity ||. 

1. Deformations of cohomology álgebras of DGBV álgebras 

Let k be a graded commuative associative álgebra with unit over Q, [A, A) a 
graded commutative associative álgebra with unit 1 over k. For any linear operator 
A of odd degree, define 

(1) [a»b] A = (-l) |a| (A(a A 6) - (Ao) A b - (-l) |a| a A A6), 

for homogeneous elements a, b e A. When there is no risk of confusion, we will 
simply use [• • ■] to denote [• • -]a- If A 2 = and 

(2) [a «(6 Ac)] = [a.ò]Ac+(-l) (|a| - 1)|b| ÒA[a.c], 

for ali homogeneous a, b, c £ A, then (.4, A, A, [• • •]) is a Gerstenhaber-Batalin- 
Vilkovisky (GBV) álgebra. Under the above conditions, it is straightforward to see 
that 

[a.b] = -(-l)(l a l- 1 )d fc l- 1 )[6.a], 

[a • [b • c]] = [[a • 6] • c] + ( — l ) C I « I - 1) C I &l - 1) [ ò . [ a . c ]] ; 

A[a »b] = [Aa • b] + (-l)l a l +1 [a • Aò]. 

A DGBV (differential Gerstenhaber-Batalin-Vilkovisky) álgebra is a GBV álgebra 
with a k-linear derivation õ of odd degree with respect to A, such that 

S 2 = SA + AS = 0. 

It is easy to see that 

S[a • b] = [Sa mb] + (-l) |a|+ > • Sb]. 

It is routine to define homomorphisms of DGBV álgebras. Denote by VQBV the 
category of DGBV álgebra. One can define direct sum and tensor product in this 
category. 

Let ô x m = 5 + [x(t) • ■], where t is an indeterminate and x(t) S A [í]] is a 
formal power series in t with coefficients even elements of A. Because of ( |) , 5 X is 
a derivation of -4[[í]]. Now 

ô 2 x(t) = l(Sx(t) + hx(t).x(t)})'-}- 
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Hence if 

(3) ôx(t) + ~[x(t).x(t)]=0, 

then ô x m is a difTerential. It is easy to see that if Ax(t) = 0, then Ô x mA — —Aô x i t \. 
As a consequence, (-4[[í]], A, ô x n\, A, [■••]) is a DGBV álgebra. 

We will be concerned with the deformations of the multiplicative structure on 
the cohomology ff — H(A, ô). Since <5 is a derivation, i.e., 

ô(aAb) = 6aAb+{-l)^aAôb, 

for homogeneous a, b G A, A induces an associative product (also denoted by A) on 
ff. Clearly, (ff, A) is graded commutative. Since we have SI = 0, the class of 1 gives 
a unit of (ff, A). To summarize, (ff, A) is a graded commutative associative álgebra 
with unit over k. Note that (y4[[t]], A, ô x m, A, [•••]) is a formal deformation of 
(A, A, ô, A, [•••]). An important idea in Q and [jlTj is to obtain formal deformations 
of (-ff, A) by considering ff(.A[[t]], ô x u))- We will need the following 

Lemma 1.1. Let A be a vector space with two endomorphisms ô and A satisfying 
õ 2 = A 2 = ôA + Aô = 0. Then ImõA = ImAá C Imín Ker A and ImAõ = 
Im<5A C Im A. n Kerá. The following conditions are equivalent 

(i) The inclusions i : (Ker A, 5) [A, 5) and j : (Ker 6, A) c — > (^4, A) induce 
isomorphisms of homology. 

(ii) We have equalities: 

Im õA = Im AS = Im ô D Ker A, 
Im 6 A = Im Aõ = Im A n Ker S. 

When the above conditions hold, then both the cohomology groups in (i) are naturally 
isomorphic to (Ker A n Ker 6) / Im 5 A. 

From no w o n, ali the DGBV álgebras will be assumed to satisfy the conditions 
in Lemma Denote by T)QB V Q t he subcategory of ali DGBV álgebras which 
satisfies the conditions in Lemma |l . l| . 

Lemma 1.2. If z G A satisfies 5 Az — 0, then 

z = h + Au + ôv 

for some h G Ker S D Ker A, m,d£ A. 

Proof. Since Az G Kerá n ImA = Im<5A, so Az — ASv for some v G A. Now 
A(z — ôv) = 0, so z — ôv determines a class in H(A 1 A). Since H(A, A) = (Ker ô n 
A)/ImáA, there exist u G A, such that h = z — ôv — Au G Kerô D Ker A. This 
completes the proof. □ 

Proposition 1.1. Assume that (A, A, ô, A, [• • •]) is in VQBVq. Then for any even 
cohomology class [x] G ff (A,ô), there is a formal power series solution x(t) — 
x\t + • • • + x n t n + • • • to such that x\ G Ker A D Kerá represents [x], and 
x n G ImA for n > 1. When [x] — [1], we can take X\ = 1, x n = 0, for n > 1. 

Proof. The second statement is trivial. The first can be proved by a standard 
argument modeled on the method of Tian [|l9) and Todorov Q . Rewrite (||) as a 
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sequence of equations 

Sxi = 0, 

íx 2 = --j\- Xl * Xl l' 



ÔX n — ^ \p5-i • 



2 



By Lemma 1.1, we can take x\ G Kerí n Ker A to represent [x]. Suppose now we 
have found xi, • • ■ ,x n with x-j G Im A for 1 < j < n. By (Q), 53í+j=n+i \ x i * X A 
ImA. Also we have the following standard calculation 

í ' x i\ = Y i Sxi * X A ~ Y i Xi * ^ 

í+j— n+1 n+1 2+^'— n+1 



í+j=n+l p-\-q—i i+j— n+1 p-\-q—j 

\ Y Y tt x p • x d • x j] + ^ Y Y ^ x p • ^ • x '*] = °- 



2 ^ ^ ^ 2 

i+j—n+ 1 p+g— i i+j— n+1 p+q—j 

Hence X^+j= n +i • x j] e Ker í (~l Im A = Im íA, and so there exist x n +i G Im A, 
such that 

Sx n+ i = — - [a;» • Xj]. 

■Í+J — 71+1 

□ 

Proposition 1.2. ínpZe (.A[[í]], í x(t) , A) is inVQBV q . 
Proof. We need to show 

Im ô x[t) n Ker A C Im í A = Im Aí, 
Im A n Ker í x ( t ) C Im í A = Im Aí. 

We prove the second inclusion first. Assume that y(t) = Az(t), S x ^y(t) — 0. We 
get a sequence of equations 

5yo = 0, 

Syi = -[xi •yo], 



Sy n = - Y l x i*yj]> 

i+j=n 



where y n — Az n . Now í Azo = íj/o = 0, by Lemma 1.2, zq — ho + Auq + ôvq, whcre 
h G Ker í n Ker A. Hence 

j/o = Az = ASv = S(-Avo). 

And from 



ÍAzi = ôyi = —[xi • yo] = [xi • SAv ] = íA[xi • v ], 
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we get z\ — hi + Aui + 5v\ + [x\ • v ]. Hcncc wc havc 

yi = Azi = Aôvi + A[xi • v ] — —SAvi — [x\ • Avq]. 
By induction, we find that 

y n = -6Av n - ^2 i x i • v j]> 

i+j=n 

in other word, y(t) — ~ô x ( t )Av(t) e Im£ x ( t )A, where v(t) = vq + v\t + • • • . 

Now assume y(t) = ô x ( t )z(t) and Ay(t) — 0, where y(t) = yo + yit + • • • and 
z(t) = zo + z\t + ■ ■ ■ are elments of -4[[í]]. Equivalently, we have a sequencc of 
equations 

yo = 5z , 

yi = 5zi + [x! • z ], 



y n = ôz n + ^ [ Xl * Zj], 

í+j—n 



and Ay n = 0. Now Aõz a — Ay = 0, z = ho + Au + Sv a for some h a G 
Kerá (~1 Ker A. Hence 

y = Sz Q = 5Av . 

From 

ASzt = A{y x - [xi • z ]) = [xi • Az ] = [xi • ASv ] = AS[xi • v ], 

we get z\ = hi + Au\ + 5v\ + [x\ • v ]. Hence 

yi = ôzi + [xi • zo] = SAui + S[xi • v ] + [x\ • (ho + Au + Sv )] 
= ôAui + [xi • h ] + [xi • Au ]. 

By induction, we can show that 

Zn = h n + Au n + Sv n + [Xi ■ Vj], 

i+j—n 

where each h n lies in Ker<5 n Ker A. Consequently, 

y n = SAu n + [xj • hj] + ^ i x i • 

i+j—n i+j—n 

Define w n as follows. Sct wq = 0. For n > 0, assume that w\, ■ ■ ■ w n -\ have been 
dcfined such that 

ÔAwj = ^ I x p • (K - Aw q )}, 

q+r=j 

for j < n. Thcn it is straightforward to see that J2i+j= n i x i * (hj — AiVj)] = 
J2i +J =n A ( h ó ~ Aw j)) e Kcrá n Im A = ImôA, so 

[xí • (hj — Awj)] = SAw n 

i+j=n 
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for some w n G A. Finally, we have 

y n = 6 Au n + [xí • (hj — Awj] + [x t • A(uj + w 3 ) 

i+j—n i+j—n 

— SAu n + 6Aw n + [xí • A(uj + wj)] 

i+j=n 

= 6A(u n + w n )+ 22 foi • A(uj + Wj)]. 



i+j—n 

□ 



Proposition 1.3. Any element yo G Ker<5 fl Ker A can be extended to a formal 
power series y(t) = yo + y\t + ■ ■ ■ y n t n + ■ ■ ■ , such that ô x ç t )y(t) — and y n G Im A 
for n > 1. Furthermore, if y(t) — yo + y\t + ■■■ satisfi.es ô x ( t )y(t) = 0, where 
yo G Ker 5 fl Ker A represents the same class as yo in H(A,8), y n G ImA for 
n > 0, then there exists z(t) G (Im A)[[í]] such that y(t) — y(t) — 8 x (t)z(t). 

Proof. When expanded into the formal power series in t, we can rewrite S x / t \y(t) = 
as a sequence of equations 



5ya = 0, 

5yi = -[xx »y ], 



i+j—n 



To find j/X) notice that 



[%i • yo] = A(xi A y ) G ImA, 

S[xi • y ] = [6xi • yo] + [xi • ôyo] = 0, 



i.e. [xi • yo] G Ker ô fl ImA = Im<5A, hence yi G ImA can be found. Suppose now 
that we have found j/x, • • • , y n G ImA, we have 

i-\-j=n-\-X Í-\-j=n-\-l 



í 

~2 



i+j=n+l p+<j— 2 i+j=n+l q-\-r=j 

^ X (fe • s g ] • y r ] - 2[x p • [ac, • y r ]]) = 0. 



p+g+r— n+1 



I- e -j Ej+j=n+i I 2 '* • %] ^ Ker (5 ImA = Im<5A, hence we can find y n +i- 



By Lemma 1.1, H(A, 5) = (Ker A n Ker<5)/ ImáA, since j7o an d 2/0 represents 
the same class in H(A.,8), we have yo — yo — 6zo for some zo G ImA. Now as 
above, we solve 5 x Mz(t) — y(t) — y(t) by induction: first expand in power series to 
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get a sequence of equations 

õzq =ya- yo, 

ôzi =yi-yi- [x\ • zo], 



5z n = y n -y n - [xj • Zj 



i+j—n 



then inductively check the right hand side of each equation lies in Ker 5 n Im A = 
ImáA as above, hence one can find a solution z n in Im A. □ 

We now define a homomorphism 4> x {t) '■ H(A, ô)[[i\] — > if(.A[[í]], 5 x (t)) as follows: 
for any [y] G H(A, ô), represent it by an element yo G Ker<5 n Ker A. Extend yo 



to y(t) as i n Pr oposition 1.3 , then set 4> x (t)([y]) = [?/(*)]■ This is well-defined by 
Proposition 1.3 . Extend ^Wt) to íí(*4, ô)[[i\] and still denote it by <px{t)- We have 
the following 

Proposition 1.4. TTie homomorphism 4> x u-\ : ií(.4, <5)[[t]] — > Jí(«4[[í]], 6 X ^) is an 
isomorphism ofk[[t]]-modules. 

Proof. We break the proof into two steps. 

Step 1. 4> x (t) is injective. By Lemma [O], we can represent any class of H(A, <$)[[£]] 

by an element y(t) = y ( - k h k + ^+1)^+1 e (KeráH Ker A) [[<]]. Without loss 

of generality, we assume that £ ImA<5 and hence [y^] ^ G H(Kei A, 6). In 
fact, if j/ fe ' = AÔUk for some u-^ G -4, we replace y(í) by y(t) — t k SAuk and consider 
the (fc + l)-th term. Now if <t> x (t){y{t)) = ^(t) z (í) f° r some z(í) = zq + z\t + ■ ■ ■ G 
(KerA)[[í]], then by noticing that <f> x u\(y(t)) has leading term y( k H k , we get a 
sequence of equations 

áz = 0, 

Szi + [xi • 2q] = 0, 



SZk-l + 53 [%i • 2j] = 0, 

i+j=fc-l 
áz fe + 53 ^ * 2j] = y (fe) . 

Now T,i+j=ki x i • z j] = Ei+j=fc A z i) e Im A ' and 

53 • z j] = 53 • z j] ~ 53 [ Xi • ^ 

i+j=ft i-\-j—k i-\-j—k 

= 53 [ faí • z j] + 53 • 53 • 

Í-J-J=& i-J-j=& q-\-l—j 

= 53 [ feí • z j] + 53 2 53 [[^ • ^ • z j] = °- 

i+j=k i+j=k p+q=i 

Therefore X!i+j=fc[ Xí • z ò\ e ImíA, and so ?/ fe ) G <5Ker A, a contradiction to the 
assumption that [y^] ^ é ií(Ker A. £). 

Step 2. 4> x (t) is surjective. By Lemma L2, any element of ií(^4[[í]], íx(t)) can be 
represented by an element y(t) = ?/ ) + y^H + ■ ■ ■ G Ker A n Kerá x ( t ). Then we 
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have € Ker A n Ker (5, hence it can be extended to an element <f> x (t)(y ) = 

y^ + yfh + ■ ■ ■ 6 Kcr A n Kerá^). Consider now y{t) — (f> x (t)(y^)i it can be 
written as ty'(t), where y(t) E Ker A n Kerõ x ny Hence by induction, y(t) lies in 
the image of <f> x tt)- D 

Theorem 1.1. Assu me t hat (A, A, S, A, [• • •]) is a DGBV álgebra in VQBV q and 
x(t) as in Proposition \l-X Then there is a naturally defined formal deformation 

A x{t) : H(A, S)[[t}] ® H(A, S)[[t]] H(A, 6)[[t\] 

of A defined by a A x(t) b = <j)^ t) (<j) x{t) (a) A <j) x{t ){b)). 

2. Nice integrals and formal Frobenius manifold structures 

In the above discussion, we have only considered one-parameter deformations 
such that the parameter t commutes with the elements of the relevant álgebras. In 
this section, we need to make some generalizations. 

First we will consider odd deformations. Let e be an indeterminate, denote by 
k[[e]] the exterior álgebra A*(k © ke). We regard k[[e]] as the super formal power 
series with an indeterminate of odd degree. If (A, A) is a Z2-graded associative 
álgebra over k, let A[[e]] — A ®k k[[e]]. Any element of A[[i\] can be written as 
ao + aie, and we can extend A as follows: 

(a + a\£) A (b + b^e) — a A b + (a A b\ + a 1 o-(ò )e, 

where cr (a) = (— l)' a 'a for a homogeneous element a d A. Here we have used the 
Koszul sign convention. It is straightforward to verify that this multiplication is 
associative. Furthermore, if 1 is the unit for (A, A), then so is it for (y4.[[e]], A); and 
if {A, A) is graded commutative, then so is (-4[[e]], A). Now if (A, A, 6, A, [■ • •]) is a 
DGBV álgebra, we extend A and [■ • •] to A[[e]] by the Koszul sign convention. We 
have ea — o~(a)e, eô — —Se, eA = — Ae and 

[ae • b] = — [a • a(b)]e, [a • be] = [a • b]e. 

Given a cohomology class of H(A, 6) of odd degree, represent it by an element in 
KeiS fl Ker A. Then x(e) = X\e satisfies the Maurer-Cartan equation 

Siú + — [iJ • Lú] =0 



over A[[e]]. This is the analogue of Proposition 1.1. The simpler versions of the 
proofs (without inductions) of Propositions [T^ - IA prove the corresponding state- 
ments for odd cohomology classes of H(A, S). As a result, we obtain an odd defor- 
mation of (H(A, 6), A). 

Secondly, we will also be interested in multi-parameter formal deformations 
which now turn to. From now on, assume that H is a rank n free k-module. 
Let {e Q : a = 0, ■ ■ • , n — 1} be a set of free homogeneous generators of H, such that 
eo = 1. Let {t a } be the dual set of generators of H t = Homk(ií, k). Denote by k[[t]] 



the space of super power series in {í°, 1 }, and consider ,À[t] 



Again, modifying the proofs, the analogues of Propositions |L2| - 1.4 can be proved 
for -A[[t]]. We give the corresponding statements below, and omit the proofs. Also, 
see Manin |0 for different proofs. 
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Proposition 2.1. There is a formal power series solution T = T± + • • • +T n + • • • 
to (Qj, such that Y\ = x a t a , where x a G Ker A n Kerá represents e a , and for 
n > 1, r„ is a super homogeneous polynomial of order n in {t a } with coefficients in 
Im A . Furthermore, t° only appears in T\. (Such a solutions is called a universal 
normalized solution. ) 



Proposition 2.2. Let T be a universal normalized solution. Then the deformed 
triple {A[[t]],õr, A) is m VQBV q . 



Proposition 2.3. Let T be a universal normalized solution. Then any element 
yo G Ker S n Ker A can be extended to y(t) G -4[[t]] with leading term yo, such that 
Sry(t) = and ali the higher order terms lies in Lm A. Furthermore, ify(t) G -4[[t]] 
has the same properties and its leading term yo G KeráflKer A represents the same 
class as yo in H(A,S), then there exists z(t) G (ImA)[[t]] such that y(t) — y{t) = 
S r z{t). 

Similar to the definition of 4 > x ^t) 1 we define a homomorphism çí>r : H(A, S)[[t\] — » 
H(A[[t]},ôr). 

Proposition 2.4. The homomorphism (f>r : H(A, í)[[t]] — * H(A[[t]], Sr) is an iso- 
morphism ofk[[t]]-modules. 

We can now define an n-parameter super formal deformation 
Ar : H(A, í)[[t]] ® H(A, S) [[t]] -» H(A, S)[[t]] 
by a Ar b — r " 1 (</()r(a) A <pr(b)). Recall the following 

Definition 2.1. An integral of a DGBV álgebra (A, A,<5, A, [• • ■]) is a k-linear 
J : A — > k, such that 

A Sb, 



J SaAb=(-l)^ +1 J a 
J Aa Ab = (-1) |q| J aA Ab, 



for any homogeneous a, b G A. Obviously, an integral on A induces a well-defmed 
supersymmetric bilinear form, g : H ® H — > k by 

ff([o] s [&])= /o A 6. 



An integral is called nice if g induces an isomorphism H — > H l by [a] G H i— > 
ff([a],-) G ií 4 . 

In the context of §|l], we extend J" to «4[[í]]. Then it is straightforward to see that 
J is an integral of (A[[t]], A, ô x ç^, A, [• • •]) (Manin p^| , Proposition 5.5.1). If for 
j = 1,2, j/j G KeráflKer A such that S x ( t )(yj + Azj(t)) = for some zj(t) G ^4[[í]], 
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then we have 



J (yi + Azi(tj) A (y 2 + Az 2 (t)) 

2/i A í/2 + y 2/i A Az 2 (t) + J Azi(t) A (2/2 + Az 2 (í)) 
2/i A 2/2+ / Acr(yi) A z 2 (t) + í a(z 2 (t)) A A(y 2 + Az 2 (t)) 



2/1 A 2/2- 

So if the integral J is nice for ^4, so is it for -4.[[í]]. Given a nice integral J on a 
DGBV álgebra A, since we have 

g([a] A [6], [c]) = | ([a] A [6]) A [c] = J [a] A ([6] A [c]) = ff ([o], [6] A [c]), 

for [a], [6], [c] 6 ií, (H,A,g) is a (graded) Frobenius álgebra. Therefore, given a 
nice integral of .4, (ií[[í]], A x ( t ),g) is a formal deformation of the Frobenius álgebra 
(H,A,g). Similarly, given a universal normalized solution T, the above discussion 
can be carried out for (^4[[t]], ôr, A, ô, [■ • •]), a nice integral on A then gives a 
multi-parameter formal deformation (H [[t]], Ar, g) of (H,A,g). We now state the 
following result in Barannikov-Kontsevich and Manin jl7| : 

Proposition 2.5. Let (A, A, ô, A, [• • •]) be a DGBV álgebra over k in T>QBV q . 
Assume that \a-module H — H(A, ô) has free homogeneous generators {e a : a — 
0, • • • , n — 1} with eo = 1, and {t a } the dual generators of the dual module H l . Also 
assume that there is a nice integral J on A. Then given a universal normalized 
solution r — Ti + AB with Ti — e a t a , the super formal power series 

(4) $ = J (ir 3 - l -5B a ab) = J (ir 3 - \{v - r x ) a r 2 ) 

satisfies 

9 3 $ 

WdFtP ~ 9aPl 

and the WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equations 

, ,, \ a 3 $ ô 3 $ 

1. y aj-iy qj-^ aj-i? v / íuflai-vaíu" 



d^dt^dt^ dt v dt~<dt s K ' dtPdFdV 1 * dt»dt a dt s ' 

where g a p = g(e a , ep) = J e a A ep and (g a/3 ) is the inverse matriz of {g a p)- 

3. Gauge invariance and functorial property 

In this section, we will discuss the gauge invariance of the constructions in previ- 
ous sections. As mentioned in the introduction, special cases have been treated in 
the Kodaira-Spencer theory gravity || and the Káhler gravity ||. Barannikov and 
Kontsevich [Q remarked that ali universal normalized solutions are gauge equivalent 
but offered no proof. 

Let (L = ®n£zL n , [-, -],ô) be a differential graded Lie álgebra (DGLA). Denote 
by L e and L° the subspaces of elements with even and odd degrees respectively. For 
any element ieí, denote by ad^ the automorphism [A, ■] : L —> L. Let R = k[í] 
or k[[t]], and m the maximal ideal of R. Consider the group 

G = G(R) =exp( J L®m) e , 
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with the multiplication e A e B = e c defined by the Campbell-Baker-Hausdorff for- 
mula: C = J2 n >i C n, where C„ = ± T,p+ q = n ( C ' P , q + C p,q), and 

V (-ir +1 ad£ad%---affiB 

m (Pi)K?i)'---(Pm)! 

giH hgm-i=g— 1 

Pi+g.>i 

Pm>l 

V (-ir +1 ad^adg-.-adg-M 

PlH Pm-l—p—í 

giH hçm=g 

Pi+g>>l 

These are the explicit formulas in Dynkin's form (Serre p. 29). (This is 
similar to a construction in Goldman and Millson [p~Õ| , ^ where they use Artin 
local k-algebras.) There is a natural action of Q on L ® i? by 

(5) e A -a = e ad - 4 a. 

It is clear that e ad ^e" adA = 1. 

Lemma 3.1. Let A 6 (X (g) m) e , B £ L ® R, then for n > 1, we have 
ad B ad^ = í J ad^ ad ( _ adA)Il - 3i ? • 

Furthermore, we have 

e aáA ad B e~ acU =ad e ad AB . 

Proof. The first equality can be proved elementarily by induction. For the second 
equality, we have 

ad B e adA - ^ ãd B ad A = è è (7 ) ad ^ ad (-ad A )— b 

rc,>0 ' n>0 ' j=0 \ ' 

" Y \ \ \ 

= EE-f ad A / _ ?) , ad (- ad*)-ífl = E -j ad A T\ ad (- ad ^) fc S 
n>0 3=0 J ' V j,k>0 J ' 

□ 



Lemma 3.2. For ie (L® m) e , we have 



ad A(ie ad A = d + J2 —L— ad ad , SA = d + ad ^..^ s 



ç>0 

Proof. It is easy to see that 

<i ad^ = ad^ d + ad$A ■ 
Then by induction, it is easy to show that 

n-l 

GÍad^ = ad^ d + ad^ _p_1 ad^ ad^ 

p=0 
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Now SA G L°, so we can use Lemma 3^ to handle a.dsA ad^ as follows: 



n—í 

d ad^ = ad^ d + ad^~ p_1 adgA ad^ 

p=0 

n-l 

= ad^ d + ad^~ 1 a,d 5 A + ad]f p ~ 1 ad <5^ ad^ 

n-l P / \ 

= a,á r Xd + ad^ 1 a,d SA + ^ ad^ p_1 ^ ( ^ ) ad ^ ad (~ ^d A )"-iSA 

n-l P / \ 

= ad^ d + ad^ 1 a,d SA + X] ( ^ ) ad l _P ~ 1+J ad (- ad A )p-^A 

p=l j=0 \ J / 
ri-lp-1 / s 

= ad^ d + n ad^ 1 ad á A + ( í ) ad A~ P ~ 1+J ad (- ad A )»>-^ 

p=l j=0 ^ ' 

= ad% d + n ad^~ l ad^A + ^ ^ f • ) ad^ _1 ~ 9 ad(_ adA) , á 

8=1 j=0 V J / 

= ad^ d + n ad^ 1 ad á A + ^ í n _\_ Q ) ad^ 1 ^ 9 ad ( _ adA )9,5yl 

q=l ^ 7 

= ad Âá+^( n _2-a ) ^A^ 9 & d (-ad A )i6A 
q=0 ^ 7 



Hence we have 



^ n! A 



n>0 

n>0 n>0 9=0 v 7 



ad^ 1 9 ad(_ adA )<j áj 4 



n-l 

= e ad -(d + ^-^— ad ( _ adA)95A ). 

<3>0 W 

Replacing A by — A then completes the proof. □ 

Given an element lu £ (L ® m)°, set á u = <5 + ad w . From Lemma 3J and Lemma 
3.2 , we see that for any Ae (L® m) e , we have 

e A 8 w e~ A = 5 e A. u , 

where 

i _ p ad A 

e A -u = e aáA u: + : SA 

ad A 



ON QUASI-ISOMORPHIC DGBV ÁLGEBRAS 



13 



is called the gauge transformation of u. This formula is well-known. See e.g. 
Goldman-Millson @, 0. Let X = {uj e {L ® m)° : ôlu + \ [u),u] = 0}, then the 
Ç7-action preserves X. 

Given any DGBV álgebra (A, A, ô, A, [• • •]), denote by A[— 1] the graded vector 
space with {A[-l]) p = A p+X . Then [• • •]) is a DGLA. When A = k[[t}}, 

we get the group G[[i\] — {expy(í) : y(t) S í.Â°[[í]]} and its natural action on -4[[í]]. 

Proposition 3.1. Assume that x(t) = x\t + ■ ■ ■ + x n t n + ■ ■ ■ and x(t) — x~\t + • • • + 
x n t n + ■ ■ ■ are two Solutions of the Maurer-Cartan equation 

ÕUJ + — [ui • uu] =0, 

such that X\,X\ 6 Kerá PI Ker A, and x n ,x n G ImA. If [x\] = [x~i], then there 
exists w(t) = w\t + • • • + w n t n + • • • € A[[t]] such that exp(Aw(í)) • x(t) = x(t). 

Proof. It suffices to prove the following: if x(t) = x(t) (mod t n ), n > 1, then there 
exist z n 6 A, such that exp(í n Az„) • x(t) — x~(t) (mod t n+1 ). 

For n — 1, we clear have x(t) — x(t) (mod t). Since [x\] = [x{\, there exists z\ 
such that x\ = x\ — <5Azi. Now modulo í 2 , we have 

exp(íA^i) • x(t) = x(t) + ^ J { a 4a x tt) ~ ÔAz i ~ X] li ad *Ã*i x ( l ) 

j>0 ] ' j>l J ' 

= X\t — ôA.Zi — x\t = x(t). 
For n > 1, we have x n — x n G Im A, and 

^(*^n *^n) — 0~Xji 0~X n 

= ^2 [Xi»Xj]~ ^ [Xi»Xj] 

i+j—n i+j—n 

= ^2 [xi»xj]- ^2 [ x i* x j] = ®> 

i+j—n i+j—n 

hence there exists z n such that x n — x n = —õAz n . Now modulo t n+1 , we have 
exp(í"Az„) • x{t) 

= + S 1 ad *"A z „ a;(í) - í"áAz n - £ i ad^ AZn i(t) 

= x%t H h a; n _ií" _1 + (x„ - c5Az„)í" = x%t H ã„í n = í(í). 

As an easy corollary, we have 

Proposition 3.2. The equivalence class of A x tt) depends only on the class [x\. 

Consequently, we have the following 

Theorem 3.1. If f : (Ai, Ai, 6i, Ai, [• • -] Al ) -» (A 2 , A 2 , ô 2 , A 2 , [• • -]a 2 ) a Ao- 
momorphism of two DGBV álgebras in T>QBV q , then we have 

f*(a A x (3) = f*(a) A Mx) f*(J3), 

where a,f3,x £ H(Ai,ôi), and /* : H(Ai,ôi) — > ^(^2,^2) is the homomorphism 
on cohomology induced by f . 



□ 
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Proof. Given any x G H(Ai,ôi), represent it by an element x\ G Kerái HKerAi 
and extend it to a power series x(t) = x\t + ■ • • + x n t n + • • ■ , such that x n G Im Ai 
axidôx(t) + l[x(t)»x(t)] Al =0. Then /(ar(í)) = f(x 1 )t + - ■ ■ + f(x n )t n + ■ ■ ■ satisfies 
f( Xl ) G Ker<5 2 D Ker A 2 , f(x n ) G Im A 2 and ôf(x(t)) + \[f(x{t)) . f(x(t))] A2 = 
0. □ 



Proposition 3.3. Assu me ( A, A, 5, A, [• • •]) is a DGBV álgebra which satisfies the 
conditions in Proposition 2.Ô . Then given any two universal normalized solutions T 
and r, there exists an odd element A G (Im A)[[t]] whose zero order term vanishes, 
such that e A - V — T. Furthermore, the potential function <í> is gauge invariant. 

Proof. The pro of of the first statement is an easy modification of the proof of 
Proposition 3T. To prove the second statement, we first linearize the gauge trans- 
formation: 

d 



dX 



r = [A • r] - sa. 



A=0 



Then we have 
d 

dX 
d_ 
dX 



$(e 



XA 



A=0 



A=0 



/ 



Í(e AA • T) 3 - ^(e XA ■ T - (e XA ■ r) x ) A (e XA ■ T) 2 
1 



(-T 2 A ([A • T] - SA) - -([A mV] -SA- {[A •T}- SA)^ A r 
-^(r - Ti) ATA ([A • r] — SA)) 

= J (- Jr 2 a ([A . r] - sa) + -T 2 a ([A . r] - M) x + ^ a r a ([a . r] - sa)), 

where the subscript means the the first order term. Since A G (ImA)[[t]] is odd, 
we have 

J V 2 A [A • T] = i J [A • T 3 ] =-\j (A(>4 A T 3 ) - AA A T 3 + A A AT 3 ) 

= - f AA AT 3 = 0. 
Notice that 

J T 2 A SA = - J ST 2 A A = -2 JtaST AA = Jta[T»T}AA 



Now 



J r a [r • r] a a = i í [r • r 2 ] a a 

i J (Ar 3 - Ar a r 2 - r a Ar 2 ) a a 

i y (r 3 a aa - r a [r • r] a a) = -- J r a [t • r] a a, 



hence / T A [T • T] A A = 0, and so 



r 2 a sa = o. 
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Replacing A by A\, we get 
Similarly, we have 



/ 



r 2 A 6 Ax = 0. 



J TíATA[A»T] = ^J Tí A [A • T 2 ] 

— ~ J Ti A (A(A A T 2 ) - AA A T 2 + A A Ar 2 ) 

/" at x a (A a r 2 ) - 1 /" r t a a a [r . r] 

Ti A AAár = y á(Ti Ai) AT 
(ÍTi A A A T + Ti A SA A T) = [ Ti A T A SA, 



and so 



Therefore, we have 



d 

dX 



J r x a r a {[A • r] — st) = o. 

$>{e XA -T) = [ r 2 A[A.r] 1 = 

o J 



0. 



Here we use the observation that since both A and T has no zeroth order term, 
[A • r] has no first order term. □ 

Deflnition 3.1. Denote by T>QBV q i the subcategory of T>QBV q consists of DGBV 
elements in T>QBV which admits nice integrais. A quasi-isomorphism between two 
elements in VQBV q {VQBV q i) is a morphism in VQBV q {VQBV q i) which induccs 
isomorphism on cohomology groups. 

Theorem 3.2. Formal Frobenius manifolds obtained from quasi-isomorphic DGBV 
álgebras in T>QBV q i by Proposition 2.5 can be identified with each other. 

Proof. Just observe that a universal normalized solution is mapped to a universal 
normalized solution under quasi-isomorphism. □ 
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